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Abstract
We investigate the resource allocation problem for the downlink of a multiple-input multiple-output orthogonal
frequency division multiple access (MIMO-OFDMA) system. The sum rate maximization itself cannot cope with
fairness among users. Hence, we address this problem in the context of the utility-based resource allocation
presented in earlier papers. This resource allocation method allows to enhance the efficiency and guarantee
fairness among users by exploiting multiuser diversity, frequency diversity, as well as time diversity. In this paper,
we treat the overall utility as the quality of service indicator and design utility functions with respect to the
average transmission rate in order to simultaneously provide two services, real-time and best-effort. Since the
optimal solutions are extremely computationally complex to obtain, we propose a suboptimal joint subchannel
and power control algorithm that converges very fast and simplifies the MIMO resource allocation problem into a
single-input single-output resource allocation problem. Simulation results indicate that using the proposed method
achieves near-optimum solutions, and the available resources are distributed more fairly among users.
Keywords: Cross-layer optimization, Utility-based resource allocation, MIMO-OFDMA, Water-filling
I Introduction
Exploiting the channel variation across users, channel-
aware resource allocation can substantially improve net-
work performance through multiuser diversity [1]. The
key idea is to select those users having the best channel
condition at each individual subchannel independently.
This maximizes the sum rate as well as spectral effi-
ciency. However, sum rate maximization is sometimes
unfair to cell-edge users or those with bad channel con-
ditions [2] and thus cannot guarantee their quality of
service (QoS) requirements. On the other hand, absolute
fairness may decrease efficiency and system capacity.
Therefore, a practical resource allocation scheme should
carefully tradeoff efficiency versus fairness. As a result,
joint channel- and QoS-aware resource allocation would
be more beneficial compared to channel-aware resource
allocation.
In this paper, we consider a single-cell of a cellular
orthogonal frequency division multiple access (OFDMA)
network with multiple types of services, namely best-
effort and real-time, which are distinguished by their
required QoS. For each service type, we introduce a uti-
lity function depending on the average transmission rate
in order not only to balance fairness and efficiency but
also to achieve cross-layer optimization. The overall net-
work utility, which is the sum of the utilities of all users,
is then treated as the optimization objective. For the
considered problem, we propose a joint sub-carrier and
power allocation algorithm that simplifies the multiple-
input multiple-output (MIMO) resource allocation into
a single-input single-output (SISO) resource allocation
problem. By employing the proposed algorithm, it will
be shown that real-time users get higher priorities than
best-effort users unless their rate constraints are satis-
fied. On the other hand, after reaching required rates,
lower priorities are given to real-time users in order to
maximize the sum rate of best-effort users, thus pre-
venting a possible waste of resources.
The rest of the paper is organized as follows. The rele-
vance of this work to the state-of-the-art of resource
allocation techniques in wireless networks is highlighted
in Section II. In Section III, we describe the system
model and formulate the resource allocation problem.
In Section IV, we give the optimal solution for the
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subchannel and power allocation problem considered.
The proposed resource allocation algorithm is presented
in Section V. Next, in Section VI, we present perfor-
mance evaluation results. Finally, conclusions are drawn
in Section VII.
II Related work
Utility theory is a well-known theory in economics
where fair and efficient resource allocation is an essen-
tial task. Utility functions are used to quantify the level
of customer satisfaction or the benefit of usage of cer-
tain resources. In communication networks, utilities can
be used to evaluate the degree to which a network satis-
fies service requirements of users’ applications [3]. In
wireless networks, utility-based resource allocation in
code division multiple access (CDMA) networks has
been analyzed in [4] and [5]. In [6], a utility-based
power control in CDMA downlink for voice and data
applications has been proposed.
The optimal resource allocation problem in OFDMA
systems has been analyzed in [7] and [8]. In [7], the
authors derived some criteria for subcarrier assignment
with the goal of maximizing the instantaneous capacity.
Furthermore, they converted the MIMO channel matrix
into SISO channels, thus allowing a simplified resource
allocation as in the SISO case. In [8], the authors pro-
posed an algorithm which maintains proportional rates
among users for each channel realization and ensures
the instantaneous rates of different users to be propor-
tional. However, due to the strict proportionality, the
utilization of subcarriers is low and thus decreasing the
overall sum rate. Considering the same problem formu-
lation, two types of users’ applications, best-effort (BE)
and guaranteed-performance (GP), were distinguished
on the basis of required QoS in [9]. The proposed
method maximizes the sum capacity of BE users subject
to rate constraints of GP users.
Utility-based resource allocation in OFDMA wireless
networks has been studied in [10-12] and [13]. In [12]
and [13], the authors considered a gradient-based sche-
duling algorithm which maximizes the weighted sum
rate at the beginning of each scheduling interval. A
user’s weight is defined as the gradient of that user’s uti-
lity function with respect to average throughput. Con-
sidering multiple types of traffic and QoS requirements,
a joint dynamic subcarrier and power allocation scheme
has been proposed in [10]. It was shown that using such
a resource allocation scheme can balance efficiency and
fairness. Similarly, the authors have studied different
queue- and channel-aware schedulers for the 3GPP LTE
downlink in [11]. They presented a practical scheduler
and characterized its performance for three different
traffic scenarios, namely, full-buffer, streaming video and
live video. In [14] and [15], the utility is exploited to
balance fairness and efficiency by jointly optimizing the
physical and medium access control (MAC) layer. This
results in data rate adaptation over the subcarriers with
corresponding channel conditions, thus increasing
throughput while simultaneously maintaining an accep-
table BER. Furthermore, various utility-based optimiza-
tion schemes, including the joint dynamic subcarrier
assignment (DSA) and adaptive power allocation (APA),
have been proposed in [14].
III Problem formulation
A System model
We consider the downlink of a single-cell OFDMA
network, in which the transmitter (base station) is
equipped with NT transmit antennas and K receivers
(users) are equipped with NR receive antennas. At the
base station, a maximum total transmission power of
Pmax watts and S subchannels are available for
transmission.
Assuming that the total power available for subchan-
nel s is distributed equally across spatial channels, the
base station can obtain the achievable rate of user k

























where Hk,s and Nk,s are the NR × NT channel fre-
quency response matrix and noise-plus-interference
power at user k and subchannel s, respectively. ps is the
transmission power allocated to subchannel s, and Δf is
the bandwidth of a single subchannel. det(·) represents
the determinant operator, lk,s,i denotes the i-th eigenva-
lue of matrix Hk,sHHk,s , and n = min(NR, NT). Further-
more, bk is a constant related to the target BER of user
k by [16] βk = 1.5− ln(5BERk), and which indicates the
approximated ratio between the SNR needed to achieve
a certain rate for a practical system and the theoretical
limit [10]. Note that the co-channel interference of
neighboring cells is modeled as additive Gaussian noise







where ||·||F is the frobenius norm and gk ,s = bk
/(NTNk,sn). Note that (2) gives the upper bound for the
achievable rate over a subchannel, thus delivering a sim-
plified solution to (1) similar to the SISO case.
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B Utility-based resource allocation
The objective of the utility-based resource allocation is
to maximize the sum of the utilities Uk (·) in a network,
where Uk (·) is an increasing/decreasing function of a
given parameter such as instantaneous rate Rk, delay Dk,
etc. of user k. From a user’s point of view, the average
rate R¯k during a certain period of time is a relatively
important QoS parameter [14] and can be smoothed by









R¯k[ν − 1], (3)
where Rk [ν] is the instantaneous rate of user k and
defined as sum of the rates over the subchannels
assigned to user k at time instant ν. TS and TW are the
time slot and the filter window length, respectively.
Considering the utilities with respect to the average rate
at time instant ν, Uk(R¯k[ν]) , the utility-based resource
allocation decision can be given according to the gradi-





U′k(R¯k[ν − 1])Rk[ν], (4)
where U′k (·) is the derivative of Uk (·) and called the
marginal utility function of user k. The objective of the
above formulation is to select a rate vector R[ν] = (R1
[ν], R2[ν], ..., RK [ν]) from the instantaneous feasible rate
region R(H[ν]) , where H[ν] denotes the time-varying
channel state information (CSI) available at time instant
ν.
Since all R¯k[ν − 1] ’s are fixed at time instant ν, we
can omit the time index ν to simplify the notations.
Hence, the optimization problem in (4) can be consid-
ered as a weighted sum rate maximization, which can


















where wk ≥ 0 is a time-varying scheduling weight
assigned to user k and is adaptively controlled by the
marginal utility function with respect to the current
average rate. ak,s indicates whether or not subchannel s
is allocated to user k. The second constraint gives an
upper bound for the overall transmission power avail-
able at the transmitter, denoted by Pmax. Moreover, the
last constraint states that each subchannel can only be
allocated to one user at any given time.
The above optimization problem is a mixed binary
integer programming problem, since it involves both
binary and continuous variables. Furthermore, such an
optimization problem is neither convex nor concave
with respect to (ak,s, ps) and thus extremely hard to
solve.
IV Optimal subchannel and power allocation
To make it easier to solve the problem, the original
maximization problem in (5) can be transformed into a

























0 ≤ αk,s ≤ 1∀k, s .
(6)
The first constraint in (5) is relaxed in such a way that
it is a real number on the interval of 0[1]. Furthermore,
we define p¯k,s = αk,sps as the transmission power used
by user k on subchannel s. The case p¯k,s = 0 corre-
sponds to an unused subchannel for user k. The most
important property of the objective function in (6) is
that it is convex. The proof of convexity is given in
Appendix.
Letting l ≥ 0, hs ≥ 0, ξk ,s ≥ 0 and μk,s ≥ 0 be the
Lagrange multipliers associated with the given con-
straints, the Lagrangian dual of (6) can be formulated as
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The optimal solution must satisfy the Karush-Kuhn-
Tucker (KKT) conditions [18], which can be given as
follows:












+ ηs − ξk,s, +μk,s
= 0
(8)
∇p¯k,sL(p¯k,s,αk,s, λ, ηs, ξk,s, μk,s)
=
−wkαk,snfγk,s||Hk,s||2F
ln 2(αk,s + γk,sp¯k,s||Hk,s||2F)
+ λ = 0,
(9)




















ξk,s · ∇ξk,sL(p¯k,sαk,s, λ, ηs, ξk,s,μk,s)
= ξk,s(0 − αk,s) = 0,
(12)
μk,s · ∇μk,sL(p¯k,sαk,s, λ, ηs, ξk,s,μk,s)
= μk,s(αk,s − 1) = 0.
(13)
From (8), we define

k,s = wknf [(p¯k,s,αk,s) − φ(p¯k,s,αk,s)]
= ηs − ξk,s + μk,s,
(14)
where (p¯k,s,αk,s) is the logarithmic function and
φ(p¯k,s,αk,s) is the rest function of the first term in (8).
From (12) and (13), if subchannel s is allocated to user
k, i.e., ak,s = 1, then ξk,s = 0 and μk,s ≥ 0. On the other
hand, if subchannel s is not allocated to user k, i.e., ak,s
< 1, then ξk,s = 0 and μk,s = 0. Thus, we can write

k,s
{≥ ηs, αk,s = 1
= ηs, αk,s < 1.
(15)
From (11) and (15), it can be concluded that hs is a
constant for subchannel s of all users and subchannel s
can be allocated to the user u(s), who has the maximum





The objective in (16) is equivalent to finding the maxi-




1, u(s) = arg maxk{wk · rk,s}
0, otherwise.
(17)
Note that the condition in (17) corresponds to select-
ing the user with the maximum weighted rate for sub-
channel s and given the transmit power levels.
Similarly, from (9) and (10), we may obtain the well-













, αk,s = 1
0, αk,s < 1,
(18)
where l’ is a constant which is a function of l and













where Ωk (|Ωk | ≤ S) is the set of subchannels
assigned to user k.
V Suboptimal power and subchannel allocation
Ideally, the subchannels and power levels must be allo-
cated jointly to achieve the optimal solution to the opti-
mization problem in (6). However, it is not possible to
solve the considered problem in a closed form due to a
prohibitive computational burden at the base station.
Since the base station has to rapidly allocate the avail-
able resources as the time-varying radio channel varies,
low-complexity algorithms should be chosen for effec-
tive implementations. Therefore, we propose a subopti-
mal resource allocation algorithm which is able to
jointly allocate subchannels and power levels with a low
computational complexity.
A The proposed algorithm
In order to obtain U and P, which are the S × K sub-
channel allocation matrix with binary entries ak,s and
the power assignment matrix with continuous entries
p¯k,s , respectively, the proposed algorithm requires a
channel condition matrix G which is defined as
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γ1,1||H1,1||2F γ2,1||H2,1||2F · · · γK,1 ||HK,1||2F





γ1,S||H1,S||2F γ2,S||H2,S||2F · · · γK,S ||HK,S||2F
⎤
⎥⎥⎥⎦
where each row and column correspond to a subchan-
nel and user, respectively. In the following, the various
steps involved in the proposed algorithm are described:
1. Construct an S × K matrix G˜ which is the per-
muted version of G such that the maximum entry in
each row, i.e., of each subchannel, is greater than the
maximum entry of the following row. This permutation
allows us to start with the subchannels having better
channel conditions and thus a fast convergence can be
obtained.
2. For each row (subchannel) in G˜ (i.e., s = 1, 2,..., S),
letting ak,s = 1 for k = 1, 2,..., K,
(a) while considering the current subchannel s in
conjunction with the previous channel allocations,
get the power levels p¯k,s for k = 1, 2,..., K according










(b) While considering the current power levels p¯k,s
for k = 1, 2,..., K, allocate the current subchannel to
a user according to the condition in (17) using
αu(s),s =
{
1, u(s) = arg maxk{wk · rk,s}
0, otherwise.
3. After obtaining the subchannel allocation matrix U











4. Considering the current subchannel allocation,
repeat Step (2) and Step (3) to obtain another subchan-
nel allocation matrix U˜ , power assignment matrix P˜ as
well as the new total weighted sum rate R˜ .
5. Check the difference between R and R˜ .
(a) If, by doing this, the desired accuracy is reached,
i.e., |R˜ − R| ≤ ε , stop the iteration and return the
last allocation matrices U and P.
(b) Otherwise, repeat the whole cycle from Step (2)
until fulfilling the condition in Step (5a).
B Complexity analysis
Assume that the channel condition matrix G is pre-
viously available at the base station. The complexity of
the matrix permutation in Step (1) is O(S log S). The
complexity of Step (2a) and Step (2b) (after all subcar-
riers are assigned) are O(SK) and O(S logK) , respec-
tively. Step (3) requires O(S) additions and thus has a
complexity of O(S) . Therefore, the overall complexity
of the posed algorithm can be roughly given as O(SK) ,
which is still efficient compared to the complexity of the
brute-force search over all possible combinations,
O(KS) .
VI Performance evaluation
A QoS differentiation among users
The utility functions can be derived quantitatively
through characterization of the traffic statistics of given
service classes [19]. Hence, in order to maintain a stable
queue for a given user k, we can derive a utility function
with respect to the average rate Uk(R¯k) considering the
traffic statistics of the given service class.
In the following, we derive the utility functions for
best-effort and real-time applications considering three
normalizations: Uk (0) = 0, Uk(R¯th) = U0 and
Uk(R¯max) = Umax . Here, U0 is the basic utility when
user k has a threshold average rate R¯th , and R¯max is the
maximum average rate which fully satisfies the QoS
requirement of user k.
A.1 Best-effort applications
Best-effort applications, e.g., e-mail and file transfer, are
delay-tolerant and thus considered as elastic applica-
tions. The elasticity of these applications can be mod-
eled by concave utility functions [3]. Hence, we can
define a utility function for best-effort applications by














Note that it holds R¯max = ∞ for the above function
and implies that a best-effort user is fully satisfied when
the average data rate goes to infinity.
A.2 Real-time applications
Compared to best-effort applications, real-time applica-
tions, e.g., voice and video applications, are rather delay-
sensitive and thus considered as delay/rate-adaptive
applications. Such applications can be modeled by sig-
moidal-like [3] utility functions, for which a part of the
utility curve is convex, representing the fact that, once
the average data rate is below a certain threshold rate
R¯th , satisfaction of a real-time user drops dramatically.
We can define a utility function for real-time
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, 0 < R¯k ≤ R¯th





, R¯th < R¯k ≤ R¯max
Umax, R¯k ≤ R¯max.
B Simulation assumptions
In all simulations we present in this paper, it is assumed
that the wireless channel is a frequency-selective chan-
nel consisting of six independent Rayleigh multipaths
modeled by the power delay profile of the ITU Pedes-
trian-B outdoor to indoor channel model [20]. Depend-
ing on the simulation scenario, each user is assumed to
be stationary or moving at a speed of 3 km/h. For sim-
plicity, co-channel interference is neglected and only
receiver noise is taken into account. The length of a
time slot TS and the averaging filter window TW are 1
ms and 1 s, respectively. All simulations are averaged
over 60, 000 time slots, which correspond to 1 min in
reality. Assuming an infinite number of bits for each
user’s queue, we consider both best-effort and real-time
services and let each user have a corresponding utility
function described in Section VI-A. Real-time users are
assumed to have a mean source rate ( R¯th ) of 96 kbps
and a maximum source rate ( R¯max ) of 144 kbps. For
best-effort users, there are no rate requirements. How-
ever, we assume a threshold rate of 512 kbps for the
minimum user satisfaction. Furthermore, we set U0 = 5
and Umax = 10 for both service classes. Other important
simulation parameters are given in Table 1. Note that
the non-concavity of the utility functions may affect the
solutions. Hence, such functions can be modified to deal
with this problem as in [14].
C Simulation results
Firstly, we evaluate the optimality of the proposed itera-
tive resource allocation algorithm. To this end, we com-
pare the performance of the proposed algorithm to that
of Algorithm 4 in [14], whose computational complexity
was also given as O(SK) . The desired accuracy for both
algorithms (ε) is assumed to be 10-3. Furthermore, we
compare the performance of the proposed algorithm to
the brute-force search, which delivers the optimal solu-
tion among KS possible resource allocation combina-
tions, and to that of the case, where the water-filling
solution in (18) is used assuming a fixed subchannel
allocation which is selected randomly among all possible
combinations at each time slot. Since this resource allo-
cation scheme requires no iteration, we call it “non-
iterative selection“.
Due to the computational overhead caused by the
brute-force search, the number of users in this simula-
tion is fixed to 6. Each user is assumed to be stationary,
thus has fixed path-loss and shadowing values. We
divide the 6 users into 2 groups, best-effort and real-
time users. Each group consists of 3 users which are














Figure 1 Utility functions with respect to average transmission
rate. a Best-effort applications, b real-time applications.
Table 1 Simulation parameters
Parameter Value
Cell radius 1 (km)
Channel bandwidth 1.08 (MHz)
Total number of subcarriers 72
Total number of subchannels (S) 6
Maximum Tx power (Pmax ) 20 (W) (43 (dBm))
Antenna gain 0 (dBi)
Log-normal shadowing (s) 8 (dB)
Path-loss factor (d in [m]) 28.6 + 35 log(d)(dB)
Noise figure 9 (dB)
Thermal noise density -174 (dBm/Hz)
Target BER 1%
Antenna configuration (NR × NT) 2 × 2
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that the path-loss difference between the closest to and
farthest from the base station is 22 dB.
From Figures 2 and 3, it is clear that the proposed
resource allocation algorithm outperforms Algorithm 4
in [14] and achieves a performance quite close to that of
the brute-force search, which always delivers the optimal
solution to the optimization problem considered.
Furthermore, it can be seen from the figures that due to
different path-loss values, different best-effort users
experience different rates. However, this difference is
quite low for the real-time users. This confirms the fact
that utility-based resource allocation is able to differenti-
ate between different types of users. Even for the case
where random subchannel allocation is assumed, i.e.,
non-iterative selection, a certain degree of fairness
between users can be obtained by using the utility-based
water-filling.
Next, we evaluate the fairness and efficiency of the
proposed iterative resource allocation algorithm consid-
ering a more realistic scenario. During this simulation,
we assume that the number of users is always an even
integer and half of users are using the same service
class. Furthermore, each user is assumed to be moving
at a speed of 3 km/h in a random direction. Assuming 4
randomly placed users initially, we increase the number
of users up to 36 by randomly placing 2 additional users
at a time.
It can be seen from Figures 4 and 5 that as the num-
ber of users increases and the average rate and utility of
best-effort users drop dramatically since the resources
get more and more scarce. However, there is only a
minor decrease for real-time users. This shows that the
proposed iterative algorithm gives higher priorities to
real-time users and thus can maintain the performance
of the users having QoS requirements.
VII Conclusion
In this paper, we investigated the resource allocation
problem for the downlink of a spatial-multiplexing-
(a) Best-effort users.
(b) Real-time users.
Figure 2 Average rate of various resource allocation schemes
for different types of users. a Best-effort users, b real-time users.
Figure 3 Average utility of various resource alloction schemes.
First and last three users correspond to best-effort and real-time
users, respectively.






























Figure 4 Average rate when increasing the number of users in
a network.
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based cellular MIMO-OFDMA system. Considering uti-
lity functions for individual users in a network, we for-
mulated an optimal resource allocation problem, which
simplifies the MIMO resource allocation problem into a
SISO resource allocation problem. This problem was
shown to be convex. We have presented a low-complex-
ity resource allocation algorithm, which was shown to
deliver near-optimum solutions. Furthermore, it was
shown that using the proposed algorithm can maintain
the performance of real-time users in case of network
congestion.
Appendix: Proof of convexity
Without loss of generality, we can rewrite the objective
function as







where c > 0 is a constant. The gradient of f (x, y) can
calculated as





x+cy − ln(1 + cyx )
]
− 11n2 ( cxx+cy )
⎤
⎦ . (21)
Similarly, the Hessian of f (x, y) can be obtained from
(21) as
∇2f (x, y) = c
2y






Since x and y are also positive, it can be shown that
the eigenvalues of Δ2f (x, y) are non-negative, represent-
ing the fact that the Hessian of f (x, y) is positive semi-
definite. Thus, the convexity of the objective function is
proven.
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Figure 5 Average utility when increasing the number of users
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